Introduction
The class of constacyclic codes plays a very significant role in the theory of error-correcting codes. The most important class of these codes is that of cyclic codes, which have been well studied since the late 1950s. However, most of this research is concentrated on the situation in which the code length n is relatively prime to the characteristics of the field F . In such cases, λ-constacyclic codes of length n are classified as ideals f (x) of Nevertheless, such codes are optimal in a few cases, which has motivated researchers to further study this class of codes ( [26, 20, 29] ).
After the realization in the 1990s [8, 14, 19] that many important yet seemingly non-linear codes over finite fields are actually closely related to linear codes over Z 4 in particular, and codes over finite rings in general; these codes have received a great deal of attention. Since 2003, special classes of repeated-root constacyclic codes over certain classes of finite chain rings have been studied by numerous authors [1, 5, 6, 21, 24] . In recent years, we have studied the description of several classes of constacyclic codes, such as cyclic and negacyclic codes, over various types of finite rings. In this paper, we continue to study repeated-root constacyclic codes over the chain ring F p m + uF p m . The class of finite rings of the form F p m + uF p m has been used widely as alphabets in certain constacyclic codes. For example, the structure of F 2 + uF 2 is interesting, as it lies between F 4 and Z 4 in the sense that it is additively analogous to F 4 and multiplicatively analogous to Z 4 . It has been studied by many researchers [7, 27, 25, 3, 2, 15] , which has a maximal ideal of α 0 x − 1 and where α 0 is completely determined by α, s, and m. Section 5 addresses the cyclic codes of length p s over R. These cyclic codes are the ideals of the ring
, which is a local ring with the maximal ideal x − 1, u . We classify all such cyclic codes by categorizing the ideals of the local ring R 1 into 4 types, namely, trivial ideals, principal ideals with nonmonic polynomial generators, principal ideals with monic polynomial generators, and nonprincipal ideals. We provide a detailed structure of ideals in each type. Among other results, we are able to obtain the number of codewords in each cyclic code. Finally, in Section 6, we build a one-to-one correspondence between cyclic and γ -constacyclic codes of length p s over F p m via the ring isomorphisms Ψ , which allows us to apply our results about cyclic codes in Sections 5 to γ -constacyclic codes over R.
Preliminary concepts
All rings are commutative rings. An ideal I of a ring R is called principal if it is generated by one element. A ring R is a principal ideal ring if its ideals are principal. R is called a local ring if R/rad R is a division ring or, equivalently, if R has a unique maximal ideal. Furthermore, a ring R is called a chain ring if the set of all ideals of R is linearly ordered under set theory inclusion.
The following equivalence conditions are known for the class of finite commutative rings (see [12, Let R be a finite ring. A code C of length n over R is a nonempty subset of R n , and the ring R is referred to as the alphabet of the code. If this subset is also an R-submodule of R n , then C is called
A code C is said to be λ-constacyclic if τ λ (C) = C , i.e., if C is closed under the λ-constacyclic shift τ λ .
In the case that λ = 1, these λ-constacyclic codes are called cyclic codes, and when λ = −1, these λ-constacyclic codes are called negacyclic codes. x n −λ , xc(x) corresponds to a λ-constacyclic shift of c(x). From that, the following proposition is well known [17, 16] and straightforward:
Proposition 2.2. A linear code C of length n is λ-constacyclic over R if and only if C is an ideal of R[x]
x n −λ .
n , their inner product or dot product is defined as usual, with x · y = x 0 y 0 + x 1 y 1 +· · ·+x n−1 y n−1 , which is evaluated in R. Two n-tuples x and y are called orthogonal if x · y = 0. For a linear code C over R, its dual code C ⊥ is the set of n-tuples over R that are orthogonal to all codewords of C , i.e.,
The following proposition is well known [17, 10, 16, 22] . In general, the dual of a λ-constacyclic code implies the following proposition.
Proposition 2.4. The dual of a λ-constacyclic code is a λ −1 -constacyclic code.
Proof. Let C be a λ-constacyclic code of length n over R. Consider arbitrary elements x ∈ C ⊥ and 
The zero code is conventionally said to have Hamming distance 0.
In For a code C of length n over R, their torsion and residue codes are codes over F p m , defined as follows.
The reduction modulo u from C to Res(C ) is given by φ : C −→ Res(C ), φ(a + ub) = a. Clearly, φ is well defined and onto, with Ker(φ) = Tor(C ), and φ(C) = Res(C ). Proposition 3.1. Let Φ be the map Φ : 
. Therefore, Φ is well defined and one-to-one. It is obvious that Φ is onto and weight-preserving, and it is easy to verify that Φ is a ring homomorphism. Thus, Φ is a ring isomorphism. 2
The ring isomorphism Φ provides a one-to-one correspondence between negacyclic and λ- . As in Section 3, by the division algorithm, there exist nonnegative integers α q , α r such that s = α q m + α r , and 0 α r m − 1. is a chain ring. We summarize this important fact in the following theorem. 
Theorem 4.2. R α,β is a chain ring with ideals that are precisely
Thus, we have proven the following theorem about the duals of (α + uβ)-constacyclic codes. i has a Hamming distance of 1.
s , which means that the codewords of the code (α 0 x − 1) i in R α,β are precisely the codewords of the code (α 0 x − 1)
x p s −α , multiplied with u, which have the same Hamming weights. Moreover, the codes Proof. By Lemma 5.2, the ideal u, x − 1 is the set of all non-invertible elements of R 1 . Hence, R 1 is a local ring with maximal ideal u, x − 1 . Suppose u ∈ x − 1 . Then there are polynomials f 1 (x) and
However, this is impossible because plugging 
Proof. Ideals of Type 1 are the trivial ideals. Let I be an arbitrary nontrivial ideal of R 1 . We proceed by establishing all possible forms that the ideal I can have.
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